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1 Introduction 

In this paper, we consider solutions u to 

(df - A)u±\u\p^ 1 u = (x,t)e 



u| t=0 = u (l.l) 

in the range p > 5. We deal with (uq,ui) in the scale invariant space H Sp x 
tL Sp ~ l , s p = | — — (See Definition 12.71 for the precise definition of solution 
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that we use). We only consider the case when (u , U\) and u are radial. 

We first obtain a pointwise decay estimate for compact radial solutions to 
energy critical and supercritical non-linear wave equations. We say that u has 
the "compactness property" if it is defined for t £ (—00, +00) and there exists 
A(t) > A Q > 0, t £ (-00, +00) so that, for 

K = I [ —5— u ( — rr,t ) , \ d t u ( 777, t \ I : t E (—00, +00) > 

\VA(t)^r VA(t)' / A(i)^r +1 \m J) J 

X is compact in H Sp x H s j> _1 . Our decay estimate then is (Theorem 13.11 and 
Corollary 13. 71 ): There exist Co > 0, tq > 1 such that, for all t £ M., \x\ > tq, we 
have 

C 

\u(x,t)\ < —-, 

(1 2) 

(/ \Vu(y,t)\ 2 dy)i + \x\(P- s H \d t u(y,t)\ 2 dy)^ < ° 

■/|»l>|at| • / lvl>|a:| Fl 2 

Note that, for p > 5, this estimate "breaks the scaling". Note also that it 
is valid in both the focusing and defocusing cases (the ± signs in (|1.1[) ). Also, 

since W(x) = (l + |x| 2 /3) is a solution in the energy critical focusing case 
(p = 5, — in (jl.ljl ). which clearly has (W(x),0) verifying the "compactness 
property", the estimate (|1.2[) is optimal in the range p > 5. 

The proof of (|1.2p is accomplished by observing that, with r = |a;|, w(r, t) = 
i) solves a non-linear wave equation in one space variable (|3.3p and ex- 
ploits the vector fields d r + dt, d r — dt (see Lemma l3~4l) . After this, a "convexity 
argument" using the linear wave equation (Lemma 13. 6p and an iteration give 
©■ 

As a corollary, the solution u which satisfies the compactness property has 
to be identical to zero in the defocusing situation, for p > 5. 

The importance of solutions satisfying the "compactness property" in critical 
non-linear dispersive and wave equations is by now well established. It is also 
well understood that estimates like (|1.2p are fundamental to obtain, "rigidity 
theorems" . To our knowledge, this is the first example of such an estimate in 
the energy supercritical setting, for non-linear dispersive or wave equations. 

Instances where solutions to (jl.ip with the "compactness property" have 
been important are, for example, in the study of global well-posedness and 
scattering in both focusing and defocusing cases. In fact, the concentration- 
compactness/rigidity theorem method that we introduced in [T5] to study global 
well-posedness and scattering for the focusing, energy critical non-linear Schro- 
dinger equation in the radial case and which we also applied in non-radial set- 
tings to the energy critical, focusing nonlinear wave equation in |16j and to H 1 / 2 
bounded solutions of the defocusing cubic non- linear Schrodinger equation in K 3 
[17] . has, as a major component, a reduction to a "rigidity theorem" for solutions 
having the "compactness property". (The concentration compactness/rigidity 
theorem method that we introduced in [18] has had a wide range of applicability 
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by several authors. For instance, it was applied to the "mass-critical" NLS in 
the radial case, in dimension d > 2, in both focusing and defocusing cases, in 
works of Killip, Tao, Visan and Zhang, [35], [5T], [53], to the focusing cubic 
NLS for d — 3, by Holmer-Roudenko [T3J and Duyckaerts-Holmer-Roudenko 
[B], to corotational wave maps into S 2 and to d — 4 Yang-Mills in the radial 
case, in work of Cote-Kenig-Merle [5], to the energy critical, focusing NLS for 
d > 5, in the non-radial case, by Killip-Vi§an [22] and recently in the work 
of Tao [35j 36J on global solutions of the wave map system from R 2 into the 
hyperbolic plane H 2 ). Note that after a first version of our paper was posted 
in the ArXiv in October 2008 (|arXiv:0810.4834|) and motivated by this, Killip 
and Visan (arXiv:0812.2084) have posted corresponding results for defocusing 
NLS in dimensions 5 and higher, without radial assumptions, obtained using the 
proof of the decay estimate for nondipersive solutions to NLS in high dimen- 
sions that they had previously obtained in their work [22j in the energy critical 
setting in dimensions 5 and higher. 

In the last three sections of the paper, we apply estimate (|1.2[) to radial 
solutions of (jl.lj) in the defocusing case , for the energy supercritical case p > 
5. We apply our concentration-compactness/ rigidity theorem method, using 
crucially estimate (|1.2p . to show, (in the spirit of our work [T7]) that if 

sup \\(u(t),d t u(t))\\u' Px u'p- 1 <00 > 

0<t<T + ((« o ,«i)) 

where T+((uo,Ui)) is the "final time of existence" (see Definition I2.7|) . then 
T_|_((uo, ui)) = +oo and u scatters at +oo (see Remark 12.91 for a definition of 
scattering). Thus, if T + ((uq,u\)) < +oo, we must have 

limsup ||(M(i),5 t M(t))||H Spx jjs P -i = +oo. (1.3) 
o<t<r + ((t» ,tti)) 

Note that this is similar to the result in [17] and also to the L 3 '°° result of 
Escauriaza-Seregin-Sverak [7] for Navier-Stokes. Note that this type of result 
for the defocusing energy critical case (p = 5) has a long history. In fact, in this 
case, the analog of (1.3) always holds and is a consequence of the conservation of 
energy. For p = 5, Struwe [33] in the radial case and Grillakis [11] in the general 
case, showed that, for regular data, T+((uo,ui)) < +oo is impossible, and 
Shatah-Struwe [3T], [35] extended this to global well-posedness and preservation 
of higher regularity for data in H 1 x L 2 , while Bahouri-Shatah [2] establish 
scattering for such data. These result are based on the facts that, for small 
local energy data, one has global existence and that local energy concentration 
is excluded from the Morawetz identity [27]. The key point here is that both 
the Morawetz identity and the energy have the same scaling, which is also the 
scaling of the critical well-posedness space H 1 xi 2 . This point is not available 
in the energy supercritical case and we are thus forced to proceed differently. 

Our proof of the application reduces maters to establishing a "rigidity theo- 
rem" (Section 4). In Section 5, we establish the "rigidity theorem" for solutions 
with T + (uq, u\) < oo (where we follow ideas in |18| . [16] ) and for solutions with 
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the "compactness property" . Here, the decay estimate (|1.2[) is fundamental to 
allow us to use ideas in [16] . Finally, in Section 6 we present a general argument 
(in the spirit of [22 123), which shows that the general "rigidity theorem" is a 
consequence of the special cases proved in Section 5. 

We expect that estimates in the spirit of (|1.2p will continue to have crucial 
applications to (jl.ip . Further applications and extensions to higher dimensions 
will appear in future publications. 

Acknowledgement: We are grateful to Chengbo Wang for pointing out an 
error in our statement and application of the Hardy-Littlewood-Sobolev embed- 
ding in a previous version of this paper. 

2 The Cauchy Problem 

In this section we will sketch the theory of the local Cauchy problem 
' (df-A)u + (i\u\ p - 1 u = (i,i)el 3 xl 

< u \t=o = u ° e H 3 ' (2.1) 

, dtU \t=o = Ul e H 3 "- 1 
where [i = 1 (defocusing) or fj, = — 1 (focusing) and 

3 2 

which is the critical index for (|2.1[) . We will concentrate in the energy supre- 
critical case, 5 < p, with the energy critical case p = 5 being covered in various 
places, in particular in [16], where references are also given. We say that (|2.ip 
is H Sp x H s p _1 critical, because if it is a solution of (|2.ip and A > 0, by scaling 
u\(x, t) = A 2/p_i u (j, j) is also a solution, with initial data (uo,\(x), Ui : \(x)) = 
A 2/p-i (-"o (f ) , jui (f )), and we have 

||(wo,A,U1 : a)||h">xH s p- 1 = IK^O^OHh-pxH^- 1 - 

We will start out with some preliminary results that are needed for the 
theory of the local Cauchy problem. 

Lemma 2.1 (Strichartz estimates |10j). Consider w(x,t) the solution of the 
linear Cauchy problem 

' (d? - A)w = h (x, t) eR 3 xl 

< H t=0 = w o ( 2 - 2 ) 
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that 



where 



Then 



w(t) = S(t)(w ,wi) + 



3in((t-a)V=5) 

7=% 



h(s) ds, 



S(t)(w ,wi) = cos^-v/^a) w a + (-A) 1/2 sin (ty/^Aj w x . 



SUp ||(u)(t),9 t w(t))||jje p>< H S p-i 

t£ (— oo. + oo) 



D a -- 3/2 9, 



i w 



< C[|j(w ,Wi)||jp Px jpp-i + 



D s p -\/2 h 



Li /3 Li /3 ' 



Lemma 2.2 (Chain rule for fractional derivatives [19]). If F S C 2 , -F(O) = 0, 
F'(0) = and 

\F"(a + b)\<C[\F"(a)\+\F"(b)\] 



and 



\F'(a + b)\<C[\F'(a)\ + \F'(b)\], 



we have, for < a < 1 

<C||*"(u)|U ||23 a «|| £? 



1 _ 1 1 

V Pi Vi 



\\D a (F(u) - F(v))\\ L * < C [||^(«)|| iS x + \\F'(v)\\ L »i] \\D a (u - + 
+ C [II^'HH^ + \\F"(v)\\ l:i ] [\\D a u\\ L:2 + \\D a v\\ L:2 ] \\u - v\\ Ll s , 

where - = — + — + — and - = — + —. 

V r l r 2 r a p pi p 2 

We now define the S P (I), W(I) norms, for a time interval / by 

IMIs p (/) = \\V\\ L 2( P -1) L 2J P -1) and \\V\\ W(I) = ||u|| £ 4jr4 ■ 

We now note the following two important consequences of Lemma 12.21 and the 
definitions: 

Let F(u) = ±|m| p ~ 1 m, 5 < p < oo. Recall that s p = § — -p-zj, so that 
1 < s p < 3/2. We will also set a p = s p — 1/2, so that | < a p < 1. Then: 



|L> Qp F(u) 



<c|H|^|p^ 



(2.3) 
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and 



\\D^(F(u)-F(v))\\ L ys Lt/3 

<C[\\F'(u)\\ L2iLl + \\F\v)\\ L2iL2 J\\D^(u-v)\\ ww 

+ C[\\F" (u)\\ L 2(p-l)/p-2 L 2(p-l)/p-2 + \\F" {v)\\ L 2(p-l)/p-2 L 2{p-l)/p-2] 

x [\\D a *u\\ w{I) + \\D<**v\\ w{I) ] \\u - v\\ Sp(I) . (2.4) 

Recalling also that |-F"(w)| ~ and that \F"(u)\ « |m| p_2 , using Lemma 

O (JUSI) and {H}, we obtain, in a standard manner (see [29], [9], [32], [18], 
US])- 

° 

Theorem 2.3. Assume that (w ,iti) € H Sp x H s "~ , 5 < p < oo, €1, 

|| (uo, ui)Hh s p xffp^ 1 — A. Then, there exists S — S(A,p) > such that if 

\\S(t)(uQ,u-i)\\ Si:{I) < 5, 

there exists a unique solution u to \2. 1}) inM 3 x I (in the sense of the integral 
equation), with (u,d t u) G C(/;H Sp x IT" -1 ), 

IMIs,(/) < 2S > \\ Dapu \\w(i) + ll^ Qp_1 ^ u IL(/) < +°°' 
and in addition, \\u\\ | (p _i) §( P -i) < °°- 

Also, if (uo.fc, iti.fc) — > (uq,ui) as k — > oo m H Sp x H Sp_1 , f/ien 
K, 9 t u fe ) -» (u, ftu) in C(7; H s - x H^ 1 ), 

where Uk is the solution corresponding to (ito.fc, U\,h)- 

Remark 2.4 (Higher regularity of solutions). If 

(ito, ui) € (H Sp n H s p+», H s p~ 1 n H s p~ 1+ »), 

< fJ- < 1 and (uo,ui) verifies the conditions of Theorem 12.31 then (u, dtu) € 
C(7; TP" n £Pp+" x /j^- 1 n fpp-i+M) an d 

\\ u \\s (i) — Se [9], for example, for a similar result. 

Remark 2.5. There exists <S = S p so that, if || [uq, u{)\\ ^ Sp x j Ip -i < S, the con- 
clusion of Theorem 1 2 . 31 holds with I = K. This is because of Lemma [2~T1 

Remark 2.6. Given (it ,Ui) € H Sp x H> _1 , there exists (0 £)I such that the 
conclusion of Theorem 12.31 holds . This is because of Lemma I2TT1 
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Definition 2.7. Let to <E I. We say that u is a solution of (12. ip in I if (u, dtu) <E 
C(I:W? x W"- 1 ), D a "u € W(T), u € S P (J), (u,9 t u)| t=to = and the 



integral equation 



u(t) = S(t - t )((u Q ,ui)) 



sin((t-a)V=ZS) 



F(m(s)) ds 



holds, with = |u| p_1 u, i £ K 3 , t e J. 

It is easy to see that solutions of (|2.ip are unique (see [3] and the argument 
in 2.10 of [IS]). This allows us to define a maximal interval I((uq,Ui)), where 
the solution is defined. 

J((«0,iii)) = (t Q - T_((u ,iii)),t + T + ((v, ,Ui))) 

and if I' CC I((uq, mi)), to € I', then u solves (|2.ip in R 3 x so that (u, <9 t u) € 
C(J';H S * x H'*- 1 ), D a *u G W(J'), « € S^J'), dtD^^u e W(J') (using (1231) 
and Lemma r2.ip . 

Lemma 2.8 (Standard finite blow-up criterion). IfT+((uo,Ui)) < +oo, then 

ll U lls p ([to,to+T + ((uo:«i)))) = +°°- 

See [3], [IB]) Lemma 2.11, for instance, for a similar proof. 
Remark 2.9 (Scattering). (See [3J and remark 2.15 in [IS] for a similar argu- 
ment). If u is a solution of (|2.ip in ]R 3 x 7, 7 = [a, +oo) (or I — (— oo, a]), there 
exists (uo",u+) € H 8 * x H s p _1 ((ujj" ,ii7/) e H s * x H s f _1 ) so that 

t hrn^ || («(<), - (£(*)«, d t S(t)(u+, «+)) Hh^xh^- = 

(with a similar statement as t J. — oo). This is a consequence of (r a +oo)) < 
oo. 

We next turn to a perturbation theorem that will be needed for our appli- 
cations. We first recall an inhomogeneous Strichartz estimate: 

Lemma 2.10. Let (3 = 6a p = 6(s p - 1/2) = 0(1 - 2/p - 1), where < 6 < 1. 
Define q by i = gfe^l + I' Assume that 9 is so close to 1 that 

, 4 1 

q < 6 and -<1 + — — . 

q 2(p-l) 

Define q by the equation i = - + i. Then, 



D r 



and 



sin((t- 
sin ((t - s)V^S) 



ft.(s) ds 



LyL 9 ,, 



-A 



/i(s) ds 



s„(/) 



(2.5) 



(2.6) 
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This estimate follows by results of Harmse [T3], Oberlin [55], Foschi [5J, 
Vilela [39] and Taggart [34]. The version we are using here is in Corollary 8.7 
of [33], using also Remark 8.4 in the same paper. 

Theorem 2.11 (Perturbation Theorem). Let I C M be a time interval, to G 7, 
(uoi^i) G H Sp x H Sp_1 and some constants M,A,A! > 0. Let u be defined on 
M. 3 x I and satisfy 

sup||(S(t),d t n(t))||H S „ X H*».-i < A 
tei 

\\u(t)\\ s (-j-j < M and \\D ap u\\ w ^j,^ < oo for each I' CC 7. Assume that 

(<9 t 2 - A) (2) = + e, 0, i) G R 3 x 7 

(m i/ie sense of the appropriate integral equation) and that 

\\(u Q - u(t ),Ul - 3 t u(t ))|lH s PxH s p- 1 ^ A ' 

and that 

\\D a ve\\ L A/ SL 4/ 3 + \\S(t - t ) (u - u{t ), Ul - d t u{t ))\\ Sp{I} < e. 

Then there exists eg — to{M, A, A 1 ) such that there exists a solution u of H2.1\) in 
I, with (u(t ) , d t u(t )) — (u ,ui), for < e < e , with \\u\\ s < C(M, A, A') 
and for all t G 7. 

\\(u(t),d t u(t)) - (u(t), W))||h«,xh**-i < C(M,A,A')(A' + e a ), a > 0. 

A version of this result, in the context of NLS, was first proved in 0J. Other 
versions for NLS appear in [37] . A proof of the corresponding result to Theorem 
2.11 for NLS, p = 5 is given in [TS]. Using Lemma [2. 101 it readily extends to our 
case. We will sketch the argument now for the reader's convenience. 

Proof. In the proof it suffices to consider the case to = 0, 7 = [0, L], L < +oo 
and to assume that u exists and then obtain a priori estimates for it. After that, 
an application of Theorem 12.31 concludes the proof. The first remark is that 



\\D a -u\\ w{I) < M, M — M(M, A'). (2.7) 

To see this, split 7 = UJ=i Iji 7 = 7(-^0 so that on each Ij we have < 
77, where rj is to be determined. Let 7 J0 = [a JO , 6j ], so that the integral equation 
gives 

u{t) = S(t)(u(a jo ), d t u(a jo j) + [ sm J^ 55. e rf s _ 

4 sin ((t - s)V^ 



A v ; 
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We then apply Lemma |2~T1 to obtain 



sup ||(u(i),9*M(i))||H=PxH^- 1 + \\ Da " u \\w(i ln ) 

<CA + C ||Zr»e|| L 4/3 L 4/3 + C ||Z3^F(2)|| L 4/ 3i 4/3 
30 30 

where in the last step we have applied our hypothesis on e and (|2.3|) ■ If we then 
choose r\ so that Crf' 1 < 1/2, d^7J» follows. 

We now choose (3, q and q as in Lemma 12.101 so that (|2.5p and (|2.6|) hold. 
We also note the following: 

||^/|L ?i| <C H/ll^ p Q */C (I) (2.8) 

and 

IH/r^/IL^r < cii/igrj) K/lL ?i| ■ (2.9) 

In fact, (|2.8[) follows from the inequality 

K/L, <c? 11/11^,11^/11^ (2.10) 

by using Holder's inequality on /. (|2.10[) in turn follows from complex interpola- 
tion. Moreover, (|2.9[) follows also from Holder's inequality, using the definitions 
of q, q. 

To carry out the proof now, note that by (|2.7|) and (|2.8j) we have II I? 73 it II q , 
< M. Also, by (|2.8[) and our hypothesis we have 

||£^5(t)((uo-«(Q),«i-at«(0)))|| £?i! <e' (2.11) 

where e' < Me". 

Write u = u + w, so that w verifies 

' dfw - Ait; = -(F(u + 10) - F(fx)) - e 
< Ht=o = «o-u(0) (2.12) 
®* w \t=a = Ul ~ d t u(0) 
Split now / = |Ji_i I31 J — rf), so that on each Ij we have 

Nktt) + II^IL? iS <»7. ( 2 - 13 ) 

where 77 > is to be chosen. Set Jj = [oj, flj+i), ao — 0, aj+i = L. The integral 
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equation on Ij gives: 



w(t) = S(t — a,j)(w(a,j,dtw(aj)) 



1 sin((f - s)V^A) 



e(s) ds- 



f 



sin ((i - s)V=S) 



[F(u + w) -F(u)] ds. (2.14) 



We apply (|2.8j) and Lemma |2~T1 to the second term and Lemma [2. 101 to the third 
one. Thus, 

IMk(^) + ll-^HIi' h% - H 5 ^ - a j)( w ( a j)' d Maj))\\s p (ij) 
+ \\D p S(t - a j )(w(a J ),d t w(a j ))\\ Lq L ^ + Ce 

+ C\\D (i [F(u + w) - F(u)]\\ L<s> L y . (2.15) 

For the last term, we use Lemma ([12]), |-F"(w)| ~ M p_ \ | -?"'(«) « M p ~ 2 , 
and Holder's inequality, to obtain 



\D* [F(u + w) - F(u)]\\ Lf Ll> < CiWuf-^ + Wwf-^] \\D»w\\ L « 



IP- 1 llln/5. 



Mls,(z,) + IHIs p (z,) 



\D^u\\ r g + \\D W\\ T g ,«, 



\S p (I j ) 



C[\\ 



\S p (Ij) 



D^w\\ Lq Ll } p , (2.16) 



where C(rf) — ► with 77 — > 0. 

Combining now (|2. 15|) and (|2.16|) . choosing 77 so small that C(rj) < 1/3 and 
defining 



Ij = \\S{t - aj){{w{a j ),dtw{aj)))\\ Sj) ^ ) 

+ + \\D^S(t-a j )((w(a j ) ) d t w(a j )))\\ Lq £ , + Ce , 

we see that 

IMI Spfe) + KHL? l< ^ §7i + C[IMIs p (ji) + IKHL? l^F- ( 2 - 17 ) 

Note that the choice of 77 depends only on p. Now, a standard continuity 
argument shows that there exists Co, which depends only on C (which depends 
only on p) so that, if jj < Cq, we have 

Mk(/ 3 -) + II^HL. lS^J (2-18) 
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and 



C 



Mls^Ji) + \\ D Hl'.li 



<37i 



(2.19) 



Thus, if 7j < Cq, we have 



y»'\ 



\D p w\\ rq TQ < 3 



ll^-ajOCMojO.^KO^IU,, 
+ ||X^5(*-o J -)(Wo J -),ati«(o J -)))|| li « L , 



3Ce . (2.20) 



To be able to continue in the iteration process, put t = a J+ i in (|2.14p and apply 
S(t — a,j+i) and use trigonometric identities. We then have 

S{t - a j+1 )((w(a j+1 ),d t w(a j+1 ))) = S(t - aj)((w(aj), d t w{aj))) 

sin ((i - s)V^A) 



sin ((t - s)^/=Z\) 

, 7^ 



e(s) ds 

[F(u + u>) - F(u)] (2.21) 



Applying the same argument as before, we see that 

\\S(t - a J+1 )((w(a J+1 ),d t w(a j+1 )))\\ Spm 

+ \\D S(t - aj)((w(a,j), d t w(a,j)))\\ Lq L , 

< \\S(t- aj)((w{aj),dtw(aj)))\\ Sp{M) 

+ \\D /3 S(t-a j ){(w{a j ),d t w(a j )))\\ Lq L , + C*e 



C(r?) 



c 



IMIs^j + II^HL;. 



(2.22) 



Again taking 77 small, depending only on p, using (|2.18p and (|2.19[) . we find 
that, if 7j < Co, we have Jj+i < lOjj. Recall that, by assumption and (|2.1ip . 
we have 70 < e' + e . Iterating, we see that jj < 10 J (e + eo) if Jj < Co. If 
we have eo so small that 10 ,7+1 (e + e ) < Co, the condition jj < Cq always 
holds, so that using this, together with (|2.18p . we obtain the desired estimate 
The second estimate follows from the first one, using a similar 



for kt 



s P (i) 



argument. This concludes the proof of Theorem 12. Ill 



□ 



Remark 2.12. Theorem 12.111 yields the following continuity fact: let (uo,ui) £ 
H> x H> _1 , ||(uo,mi)I!h s pxh s p- 1 ^ A an d let u be the solution of (|2.ip . with 
maximal interval of existence (— T_((wq, ui)), T+((uq, u%))). Let (uo, n , ui,„) — > 
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(tto, u\) in W p x H Sp 1 , and let «„ be the corresponding solution, with maximal 
interval of existence (— T_((ito ; n, Ui >n )), X+ ((uq j71 , U\,n 

)))). ThenT_(( Wo , Ml )) < 

limiri£r_((uo,n) u i,n)) an d T + ((uq,ui)) < liminfT+((tto,rii Ui >n )) as n goes to 
infinity. Moreover, for each t G (— T_((u , wi)), T+((u , Mi))), (u n (t) , d t u n (t)) — > 
(u(t),d t u(t)) in H> x H** -1 . (For the proof see Remark 2.17 in [T5]). 

Remark 2.13. Theorem l2.11l can also be used to show that if K C H Sp x H Sp_1 , 
with K compact in W" x H s f _1 , we can find T + > 0, T_ ^ > 0, such that, for 
all (uq,ui) € if, we have T+((uo,ui)) > T + -^, T-((uo,ui)) > T_-^. Moreover, 
the family 

{(u(t),ftu(t)) : t 6 [-T i7l T a ], (uo,ui) 6 if} 

has compact closure in C([— T_ T + H Sp x H s p _1 ) and hence it is equicon- 
tinuous and bounded. 

We conclude this section with some results that are useful in connection with 
the finite speed of propagation. 

Recall (see (3D]) that, as a consequence of the finite speed of propagation, if 
(uq,ui), (u'qjUi) verify the conditions of Theorem I2.31 then the corresponding 
solutions agree on R 3 x / n \J 0<t<a [B(xq, (a — t j) x {t}] if (u , u\) = (u' , u[) 
on B(xo,a). This is proved, for instance, in Remark 2.12 of [16], for the case 
p = 5, but given the proof of Theorem l2.3[ it also holds for 5 < p < oo. Similar 
conclusions can be drawn for t < 0. 

Lemma 2.14. Let ipM be radial, ipu G C 00 ^ 3 ), with i/)m(%) — ^{jj), where 
0<ip<l, ip = for \x\ < 1, ij) = 1 for \x\ > 2, and ip and all its derivatives 
are bounded. Then there exist a constant C , which depends only on p and is 
independent of M , so that 

HW'm«o,V'm«i)|Ih« j .xh«»- 1 < C|I( u o,wi)|Ih Spx h S p-i- (2.23) 

Proof. By scaling, it suffices to prove (|2.23p for M = 1. Recall that 1 < s p < 
3/2. Set a = s p — 1, so that < a < 1/2. Let us first consider ipvo- Then, 

IIiHIIhi. ~ ll^v^o)!!^. But, 

\\D a V^v )\\ Ll < ||^ Q (V^o)|| L 2 + ||D a (^V«o)||^ = 1 + 11. 
Using theorem A. 8 in [T9] , 

/ < ||V^ ■ D a v Q \\ L2 + \\D a Vyj ■ v \\ L2 + C \\D a v \\ Lq W\\ Lr , - + - = \. 

Choose q = 6, r = 3 and note that, since VD a vo G L 2 , D a vo S L 6 . Also, 
Vt/> G Qj°(M 3 ) so HV^H^s < oo. This allows us to control the first and last 

terms in the right hand side. For the second term, note that vq G L^ < - p ~ 1 ) 
by Sobolev embedding, since vq G H Sp . Using Holder's inequality, we can 
control the second term, using ^ + g^z^n = \- We thus need to show that if 
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4> € Cq°, ||D"(/)|| L <!i < oo. But it is easy to see, using Fourier transform, that 
D a 4> ei 2 fl L°°, which gives our bound for I. 

II < \\D a ((1 - V)V«o)ll L 2 + ||£> a V«b|| iS . 

Thus, if <j) = (1 - ip), </> € and we need to bound \\D a (4>Vv )\\ L2 . Again, 
using Theorem A. 12 in [19j . we bound this by the sum 

UD a Vv \\ Ll + \\(D a 0)Vv Q \\ Ll +C\\D a Vv Q \\ Ll U\\ L ^ . 

Clearly, the first and third term are controlled. For the second one, Vvq € U , 
r = 3 + 3(p-i) ' r — 2 and Holder's inequality finishes the proof. (Here r > 2 
since p > 5). 

For the term ||.D a (V>vi)|| L 2 , we again bound it by ||-D Q ui|| L2 + ||D Q (</ii;i)|| L 2 
which is easily controlled by using Theorems A. 8 and A. 12 in [T5] , 

□ 

Corollary 2.15. Assume that (vo,vi) € K C H sp x H a * -1 , where K is compact 
in H Sp x H Sp . Lei i/>Af &e as in Lemma \2.14\ Consider the solution vm, given 
by Theorem \2.3\ to 112.1)) . with initial data (ipMVo,ipMVi). Then, given e > 0, 
small, there exists M(e) > 0, such that , for all M > M(e), all (vo,vi) in K, 
we have that vm is globally defined (i.e. I — (— oo,+oo)j and 

sup ||(vm(t),^um(t))||h. px h«p- 1 < e- ( 2 - 24 ) 

r G(— oo,+oc) 

Proof. Using the compactness of if, the bounds in Theorem 12.31 and Theorem 
12.111 and (|2.23[) . it suffices to show that, for fixed (v ,Vx) G H s p x IT 5 " -1 , we 
have that UmM->ao ||('0m w o,V'mvi)||h s pxh s p- 1 = 0. But this is immediate from 
([2~25]) . using the density of x C °° in H Sp x H^ -1 . □ 

3 Decay estimates for compact, radial solutions 

In this section, p > 5. We establish now our main decay estimates for compact, 
radial solutions in the case they are globally defined, which show that they 
"break the scaling" . 

Thus, consider a solution u to (|2.ip with (uo, Ui) radially symmmetric. (Solution 
is understood in the sense of Definition 12. 7j) . Because of the proof of Theorem 
I2.3[ u is also radially symetric. We will assume that 

to = 0, T + ((u a ,ui)) = +oo, r_((uo,ui)) = +oo, 
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and that u has the following "compactness property" or nondispersive property: 



There exists X(t) > Aq > 0, t £ (—00, 00) such that 
1 / x 



K 



v(x, t) 



A(t)2/p-i \X(t) 



-d t u 



(- 



t\ I : t G (—00, 00) 



A(i)2/(P-i)+i 1 ^A(t)' 
has the property that K is compact in H Sp x H Sp_1 . (3.1) 
Our main estimate is: 

Theorem 3.1. Let u be a solution to V2.1}) , with (uq,U\) radially symmetric. 
Assume that to — 0, T + ((uo,ui)) = +00, T_((tto,tti)) = +00 and that u has 
the "compactness property" \3.1\) . 

Then, there exists constant Cq > depending only on A , p, K, so that, for all 
i 6 R, we have 



r>|a:| 



c 

\u(x,t)\ < -^r, 
\rd r u(r,t)\ m dr)^ < 



C a 



ll-a ' 



(3.2) 



Co 



r>|x| \x\Pi 1 —) 



for all \x\ > 1, where m — — ^. 

Note that, in the defocusing case, Proposition 5.4 below shows that u as in 
Theorem 3.1 must be 0. Nevertheless, Theorem 3.1 is a crucial step in the proof 
of Proposition 5.4. What the situation is in the focusing case is unclear at the 
moment. Note that for p — 5 and in the focusing case, 

W(x) = (1 + M 2 /3)^ 

is a non-dispersive solution and thus our estimate is sharp. 

In order to prove Theorem 3.1, we need some preliminary estimates. In the 
sequel, r = \x\, and we will sometimes, by abuse of notation, write u{r,t) — 
u(x,t), when u(— ,t) is radially symmetric. 

Lemma 3.2. Let \ > (3 > 0, (3 = \ - ±. 

Then, there exists C = C{[3) such that for all 4> radial in R 3 , 



<C\ 



\H0 



Moreover, if 1 < [3 < I , we have for [3 — | — - 



<c\ 



iff" ' 



<cu\ 



H0 



14 



Proof. Note that the Fourier transform of a radial function <j>, in R 3 , is given by 
the formula 

C f°° 

<b(r) = — / sin(rs)(p(s)sds. 
r Jo 

Thus, if (f>(s) = s<f>(s), extended oddly for s < 0, <j> G H^(R) and the first 
inequality follows from the one dimensional Sobolev embedding Theorem. 
For the second inequality, note that if <f> G ii^(R 3 ), then <9 r< /> G fl"^ _1 (M 3 ). 
Indeed, d r <?!> = jfyV0, V<£ G ff^QR 3 ) and for < 7 < 1, <j> -> m</> is a bounded 

operator on if 7 (R 3 ), where m is a homogenous of degree function smooth 
away from the origin (To see this last statement, note that it holds obviously 

for 7 = and also for 7 = 1, using the Hardy inequality A < C||0||jji- 

I I £ 2 

The general case follows by interpolation). Thus, our second inequality follows 
from this fact and the first inequality. 

To establish the third inequality, use the fundamental theorem of calculus and 
Holder's inequality to obtain 



W)\<J \d s 0{ s )\ds< [ I \sd s 4>(s)\ m ds 

which is our third inequality 



□ 



We now start towards the proof of Theorem l3.ll for u satisfying (|2.ip .Let us 
assume for example that we are in the defocusing case, the focusing case being 
identical. 

Lemma 3.3. Let u be as in Theorem \3.1\ and let w{r,t) = ru{r,t). Then, w, 
as a function of (r,t), (extended oddly for r < 0) verifies 

d 2 t w - d 2 r w = -rM p -V (3.3) 

Moreover, there exist functions gi(r), i = 1,2,3, defined for r > 0, with gi non- 
increasing, lim r _>oo gi (r) = 0, which depend only on K, A$, so that, for t G R. 
r > we have 

KM)|<# 



1 

\dtw(s,t)+d r w{s,t)\ m ds^ <g 2 {r) (3.4) 



4r 



\d t w(s,t)-d r w(s,t)\ m ds) <g 3 (r) 



where a = — ^ , m — 2—1 . 

p— 1 ' 2 

Proof. For regular solutions to (|2.ip , (|3.3|) follows by differentiation. The general 
case follows by approximation, by Remark 12.41 
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To prove (|3.4p , we start with the first estimate. We first note: 

For u as in Lemma 13.31 given e > 0, there exists tq = ro(e) > 

so that, for alt £ R, r > ro, we have r a |zi(r, £)| < e. (3.5) 

To establish (|3.5[) , define 



u (r, 4) 



rit | tttT ) £ 1 and«i(r, £) 



A(t)« VA(*)' 



1 



r. 



-,£ . 



We now apply (|2.24p . with r = 0, and (i>o,fi) = (uq(^) t)-Vi(r, £)). Then 



|(V'MWo(' , ,0:' ( /'AfWi(r,t))||j ISpxSsp -i < 



for M large. Applying now Lemma |3~!?1 we see that \r a ipM( r )vo(r,t)\ < e, or 



1 



"(a(/.) : 



< e for r > 2M. 



But, if a = r/\(t), we see that a a \u(a,t)\ < e for a\(t) > 2M. But if a > 
2M/A , X(t)a > 2M, establishing ([33]) . 
Define now 

gi(r,t) = sup \a a u(a,t)\, g x (r) = sup ffi(r,i). 

a>r te( — oo, + oo) 

Clearly, for ri < r 2 we have <?i(?"2) < 31(^1) and, from (|3.5p . we have 

lim gi (r) = 0. 

r — >oo 

Arguing in the same way, to establish (|3.4p it suffices to prove: Given e > 0, 
there exists r = r a (e) > so that for all £ £ R, r > r , we have 



\d r w(s,t)\ m ds) <e, 



4r 



\d t w{s,t)\ m ds 



< e. 



(3.6) 



(3.7) 



To establish (|3.6p . in light of (|3.5p it suffices to give the corresponding esti- 
mate for rd r u(r, £). Apply now Lemma 13.21 with <p = <9 r /, /3 = s p = | — = 

|-^, f = ipMV (r,t). Then, 

r 1_ ™i9 r (ipMVo{r,i)) ^ < C \\iPmv \\h-p ■ 

By (I2.24p . the right hand side is smaller than e/2, for M large. Since d r (ipMVo) = 
ipAidrM + d r (ip M )vo, and <9 r ^M = xfV"' (if), witn supp ?/>' C (1,2), the third 
inequality in Lemma 13.21 now gives 



r 1 *"-d r (ipMVo(r,t)) 



< C 



4>MV 
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where rp = 1 for r > 1, r/> = for < r < i. Hence taking M even larger, we 
have 

r x ~™i>Md r v a {r,t) ^ < e. 
Hence, (/ a ~ |( ^j) ^a r u(^, i)| m dr) m < e, so that 



J V/ 
A:.f , 



\ad a u(a,t)\ m da < e. 



But, { a >^}c{a> and (EH follows. 

For (|3.7p . we argue similarly, using the first inequality in Lemma 13.21 with 



P = s p - 1, 



q = 2,<f> = il> M vi(r,t), d t w{r,t) = rv x (r,t). 



□ 



Lemma 3.4. Let u , w, gi be as in Lemma \3.S\ Then, there exists a constant 



C p > so that 



Proof. Let 



92 (r) < C p gl(r) 
93 (r) < C p g{(r) 



(3.8) 
(3.9) 



zi(r, t) = d r w(r, t) + d t w(r, t), 
z 2 (r,t) = d r w(r,t) - d t w(r,t). 

Using (|3.3p . we see that 

d T zi(r + T, t -T) = (d rr w-dttw)(r Q +T,t -T) = (r + r)|u| p ~ 1 u(r + r, 4 -r), 
and 



<9 T z2(n) + t, i + t) = (ro + t)|m| p ^(ro + r, i + r). 



Then, 



Mr 



zi(r + s,i ) = Zi(r+s+Mr,t -Mr)- / (r+s+r)|u| p_1 u(r+s+r, t -r) dr. 

Jo 

Fix ro > 0. Choose r > r and ^ £ K, so that 



92 (n>) 



3r 



^(r + s.tojr^ 



Then. 
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3r 



S2M < ( / \zx(r + s + Mr, t - Mr)\ m ds 

r3r / rMr 



(r + s + T)\u\ p (r + s + T,t - t)cLt j ds j 

( ,3r ( .Mr \ m \ 

<g 2 ((M + l)r )+g p 1 (r )U o ij (r + s + rf-^dr J ds 



3r 



< «? 2 ((M + l)r ) + C^(r ) U (r + s^ 2 -^* 

< 52 ((M + l)r ) + ^(r) 

since 2 — ap = 2 — = — — — — ^ < or equivalently m(2 — ap) = — 1. 

Since C is independent of M, letting M — ► 00, we obtain (|3.8p . The argument 
for (|3.9p is similar. □ 

Corollary 3.5. Let u, w, g\ be as in Lemma \3.3\ . Then 



J r 4r \d r w(s,t)rds) m <C p g{{r) 



(3.10) 



Lemma 3.6. Let u, w, g\ be as in Lemma \3.3[ Then, there exists /3 > 0, tq 
so that, for r > ro we have 



J* r \d t w(s,t)rds) m <C p gf(r) 
This is an immediate consequence of (|3 . 8f) . (13. 9|) . 



(3.11) 



Proof. We again use equation (|3.3|) . Using the standard representation formula 
for solutions of the wave equation, in one space dimension (see [30]), we obtain: 



r u{r ,t ) 



''0 



ro , r 



ra + — )u [r + — ,t - — 



adtu (a, to — ^ J da 
r o V 2 / 



1 



2 7 y ro _(a._ T ) 



H P-1 u (a, t - ^+r) drda. (3.12) 



Note that the first integral term is bounded by 
C 



\ad t u(a,t - r -±)\ m da) < Ctf(£),y 
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by (|3.10[) , where we have used Holder's inequality. Notice also that a+ 1 - ) 
1, so that, using (|3.12[) . we obtain 



r Q \u(r ,t a )\ < 



-Jo 



u [ -r ,t Q 



ro 
2 



Jo 



. 1 , r 
u[-r ,t -- 



C p r 



9x(r /2) . rl r . 



+ Cp~ap9l 
1 n 



and 



r |u(r ,to)| < 



:''o 



« I 2 r o^o 



2 



-jo 



1 1 * r ° 



Clearing, we see that 



rS|u(r ,td)| ^ 

and thus, as before 

/ \ 1 
9i( r o) < ~ 



1 



9l 



1 ^ ' u PC' U A 



C P ffi(r /2)' 



1 — a / \ 1 — a 



Note now that an elementary calculus argument shows that 

= (1 - 20 p ) < P < 1. 



1 — a / ^ \ 1 — a 



(3.14) 



Also note that, since <?i(ro) ► 0, for r large we have C p gi {^Y 1 < ft 



and hence 



9lN<(l- # P )ffi (y) , r large. 



(3.15) 



A simple iteration now shows that (|3.15|) gives p. lip for r > tq . Lemma 13.2 
gives the estimate for r > 1 . □ 



We are now ready to conclude the proof of Theorem 13.11 This proceeds by 
an iteration. Let u, w, gi, a, (3 be as in Lemma 13.31 Lemma 13.61 

By choosing a possibly smaller f3, we can insure that a + (3 < 1 . Recall that 

l«(n>,t)| < 

by (|3.11[) . For < 7 < 1 to be chosen, we have w(r , t) = w(r^,t)—J^" d r w(s, t)ds, 
so that 



\w(r Q ,t)\<C- 



|7 (a+/3) 



\d r w\ 
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From flTTO]) . we have that, ( J* r \d r w\ m ^j ™ < But then, we have 
l^uf" = S fe > / \d r w\ m < S fc > / \d r w\ 



2 k r I \ J2 k r 



and so 



Thus, 



so that 



\9M m ) <C(S,> 2-«)--^<-^. 



|«(ro,t)| < 



c c 



„(l-7)_7(a+/3) r a r 7/3p- 
' '0 ' ' 

Choose now 7 so that 

7(0 + /?) + (1 - 7) = a + 7/3p. 
Then, 7 = 1 _ a ^° p ^ 1) and < 7 < 1, 7p > 1, so that, if 

/?' = T (a + /3) + (1 - 7) - a = 7 /3p 
then f3' > /3, a + (3' <1 and |u(r , i)l < Sw- Thus, let 

1 -a 



(3 Q = /3, (3 n+ i = 7„(a+/3„) + (l-7„)-a = 7„/3„p where 7„ 



1 -a + /3„(p- 1)' 

Iterating, we see that for each n we have \u(ro, t)\ < a +p„ ■ Note that that 

is increasing and bounded, thus f3 n — > /3 = 1 — a since 1 _ a ^° p _ 1 - ) — ^- Thus, 
we have shown that, for each e > 0, we have, 

C 

\u{ro,t)\ < -j^. 
Consider now f* r |d r w(s,t)|<fe which is bounded by 



4r 



|dXM)r*0 r ^< C r^(r)r^<C- 7T — -r< 



C 



r p(l-a-e) — r (p-l)(l-a)-ep " 

But (p — 1)(1 — a) > 0, so if e is so small that (p — 1)(1 — a) — ep > 0, we see 
that Jj 00 |3 r io| < 00, so \w(ro,t)\ < C p hence 

\u{r ,t)\ < -. 
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But then, (^J^ r \dtw(s, i)|'"ds^ m < rP( f_ a) , and since r<9 t u = ftw, using a 
geometric series again, we see that 

^ \ dt u(s,t)rd S y < 

Finally, rd r u = d r w — u, so that 

/ fir \m (-1 p f< 

(l \9Ms,t)rdsj <-^ + — < — 



from which we obtain Theorem 13. II 
As a corollary, we have 

Corollary 3.7. We have the following inequalities 



\ \sd r u(s, t)\ 2 ds I < — , 

J r J T 2 



|s<9 tM (s,i)| 2 cLs ) < — 



(p-3) 

Proof. The corresponding inequalities where the integration is restricted to 
(2 fc ,2 fe+1 ) are a direct consequence of (13.21) via Holder's inequality. The es- 
timates then follow by summing a geometric series. □ 



4 Application, concentration-compactness pro- 
cedure 

In this section we will state our main application of the decay estimates in Theo- 
rem [XT] and begin the proof following the concentration-compactness procedure 
developed by the authors in [TJ5], [15], [T7]. We now assume in the next tree 
section, that we are in the defocusing case (fj, = 1), that is, u is a solution of 

' (d?-A)u+\u\P- 1 u = (x,t)eR 3 xR 
< u\ t=Q = u (4.1) 

Theorem 4.1. Suppose that u is a solution to {-j-lty with radial data (ito,ui) G 
jjsp x pjsp-i^ p > 5 an d maximal interval of existence I — (-T_((ito,Ui)), 
T + ((mo, ui)))- Assume that 

SUp ll(M(*),^tu(t))||H= PX H s p- 1 = ^ < +°°- 

0<t<T + ((« o ,«i)) 
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Then T+((ito,ui)) = +00 and u scatters at t = +00, i.e. 3(Uq,u^) G H Sp x 
H s v~ l , so that 

lim ||(«W,9 t «W)-^W(«,4))|| H ^xH^- =°- 

t — >-)-oo 

We point out first some immediate consequences of Theorem 14.11 

Corollary 4.2. If [uq,u\) is radial € H Sp x H s p _1 is smc/j i/iat T + ((u ,mi)) < 
+oo ; i/ien 

_ I™ „ IIM*)i &«(*)) IliWxH**- 1 = +°°- 
Corollary 4.3. T/ie set of radial (uo,Ui) £ H Sp x H Sp_1 swc/i i/iai 
sup ||(w(i),9 t w(t))||H S p X H=p- 1 < 00 

te[0,T + ((uo,ui))) 

is an open subset o/H Sp x H Sp_1 . 

Proof. This is because, for such data, in light of Theorem 14.11 (and its proof), 
we have \\u\\ s qq +oa y\ < °o and this gives an open set from Theorem 12. Ill □ 

In order to start the proof of Theorem 14.11 we need some definitions, in 
analogy with [17] . 

Definition 4.4. For A > 0, p > 5, 

B(A) = j(« , «i) S H Sp x H s » _1 : if u is the solution of l|4.ip . with initial 

data (uq,ui) at t = 0, then sup || (u(i), d t w,(i))|| pj Sp ^,,-1 < Ak 

te[o,T + ((« ,«i))) ' " ' J 

We also set B(oo) = LL>o 5 ( j4 )- 

Definition 4.5. We say that 5(7(^1) holds if for each (u ,iti) £ B(-4), 
T_)_((wo, ui)) = +00 and ([0+00)) < 00 • We a l so sa y that S'C'CA; ( u o, ui)) 

holds if (u ,tii) € B(A), T+((u ,«i)) = +00, Nls p ([o )+tX3 )) < °°- 

We can define similarly B ra( i(A), B ra d(co), SC ra d(A), if we restrict to (uq, Ui) 
radial. 

By Theorem l2.3l Remark l2.5l Theorem l2.11l we see that for Sq small enough, 
if || (uq, Ui)\\^, p xfjsp- 1 < then SC(CSq; (uq,ui)) holds. Hence, there exists 
Aq > small enough, such that SC(Aq) holds. Theorem l4.1l is equivalent to the 
statement that SC ra d(A) holds for each A > 0. Similarly, Theorem l4.1[ without 
the radial restriction, is equivalent to the statement that SC(A) holds for each 
A > 0. Thus, if Theorem 14. II fails, there exists a critical value Ac > 0, with the 
property that if A < Ac, SC rad (A) holds, but if A > Ac, SC rad {A) fails. The 
concentration-compactness procedure introduced by the authors in [18) and [17) 
consists in establishing the following propositions: 
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Proposition 4.6. There exists (uq,c, ui,c) radial such that SC {Aq X u o,C i u i,c)) 
fails. 



Proposition 4.7. If (ito,c> u i,c) is as in Proposition \4-6\ there exists X(t) £ 
R + , for t £ [0, T + (uo.c, ui,c)), suc h that 

K ={^ = (xw uc iwr^M^ dtUC (wr*)) ' 

< t < r + (uo,C)«i,c)| 

has the property that K is compact in H Sp x H s »> . Here uq is the solution of 
\4-l p > with data (uo,csUi,c) att = 0. 

Remark 4.8. The absence of the parameter x(t) in Proposition ^. 71 comes from 
the fact we are in the radial setting. (See also Remark 4.23 in |18j). 

A key tool in the proof of Propositions 14. 61 and 14. 71 is the "profile decomposi- 
tion" due to Bahouri-Gerard pp. The profile decomposition was simultaneously 
discovered by Merle- Vega [Mj in the mass critical NLS for d = 2 context and 
later developed by Keraani [3U] for the energy critical NLS. Here the "profile 
decomposition" is: 

Theorem 4.9. Given {(v _ n , Ui >n )} C H Sp x H Sp_1 , with 

||(«0,n, VI^IIhspxH-p- 1 ^ A > 

there exists a sequence {(Vqj, V\j)} in H Sp x rP> , a subsequence of («o,n> v\^ n ) 
(which we still denote (vo.m ond a sequence of triples (Aj jn ;Xj tn ; tj tn ) £ 

R + x K 3 x I, which are "orthogonal", i.e. 



■j,n ,n | 



/or j 7^ j'; suc/i that for each J > 1, we /icwe 

J -I / _ , 



\ a+l ""'J I \ . ' \ . / ' ~l,n> 

if 



where Vj(x,t) = S(t)((Vo t j, Vxj)) (I stands for linear solution) 
ii) HE \\S(t)((wZ ,wl n ))\\ >0 

n— >oo 11 ' ' 11 oo,-f-ooj J— too 

Hi) For each J > 1 we have 
3 

IKn|l!»p = H^'lliU + \\ W 0,n\\ff.p + e o( n ) 
3 = 1 
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IKnll^-i = II^IjU^p- 1 + Ih^nllijap 

w/iere |eg (n)| + lef (n)| > 0. 

n — >oo 

Remark 4.10. If (i>o,m u i,n) are radial, we can choose (Vo,j, Vi,j) radial, Xj <n = 0. 

Theorem 14.91 is proved, for p = 5 in [TJ. See also Remark 4.4 in [16] and 
Remark 4.23 in [18]. The proof of Theorem 14.91 is identical to the one in [1] and 
will be omitted. 

Once we have at our disposal Theorem 12. 1 II and Theorem l4.91 the procedure 
used in section 3 of [T7] can be followed to give a proof of Proposition 14.61 and 
Proposition 14.71 We omit the details. 

Corollary 4.11. There exists a function g : (0, +oo) — > [0, oo) such that, for 
every (u Q ,Ui) G B rad (A), we have IMI Sp ([o,+oc)) ^ 

The proof of Corollary 14.111 follows from Theorem 14.11 and Theorem 14.91 as 
in Corollary 2 in Q], Corollary 4.11 in [2D]. 

We denote (wo,Cj u i,c) as m Proposition 14.61 a "critical element". We now 
recall some further properties of "critical elements" . 

Remark 4.12. Because of the continuity of (u(t) , d t u(t)) in W p x PP 35-1 , we 
can construct X(t) with X(t) continuous in [0, T + (uq,c, u i,c))- See the proof of 
Remark 5.4 of [TS]. 

Lemma 4.13. Let uc be a critical element, as in Propositions \4-6\ \4-7\ Then, 
there is a (possibly different) solution w, with a corresponding A (which can also 
be chosen continuous) and an Aq > 0, so that A > Aq for t 6 [0, T + (wo, w>i))> 
su Pte[o,T + («, ,«.i)) IIW*)>dM*))llH»*xH«*- 1<0 ° and W W \\s p {[0,T + { WQ , Wl ))) 

The proof follows from the arguments in [18] . page 670. See also Lemma 
3.10 in [17] for a similar proof. 

Lemma 4.14. Let uc be a critical element as in Propositions ^. b\ \4- 7[ Assume 
that T_|_(uo,C) Wi,c) < +°°- Then, 

< t r ° {K) \ t - A(t) - (4 ' 2) 

T + (w , c ,ui iC ) - i 

The proof of Lemma T4. 141 is identical to the one of Lemma 4.7 of [16] and is 
omitted. 

Lemma 4.15. Let uc be as in Lemma \4-14\ After scaling, assume, without 
loss of generality, that T + (uo,c> u i,c) = 1- Then, for < t < 1, we have: 

supp (u c (x, t), d t u c {x, *)) c B(0, 1-t). (4.3) 

Proof. Consider 

(w ,wi) = ( X -^-u c \ -rrxM, \—7d t u c ( tttt,* 
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and %m as in Corollary |2.15l Let also 



v(t) 



-Uc 



- 



X T 
t + 



X 



A(t) A * \\(ty \(t))' 



which is a solution, for < t + < 1. Note that, by the finite speed of 
propagation (see the comment after Remark 12.131 where we fix t as the initial 
time and consider r to be the time variable) 



v(x, -tX(t)) =V M (e){x,-t\(t)), \x\ >2M(e)+tX(t). 
Use now the Sobolev embedding L q C H Sp_1 where - = 



Then, using (|2~24)) . 



(- - — ) 

3^2 



\x\>2M(e)+t\(t) 



After scaling, this becomes 



1 









x\>2M(t)+t\(t) 



r + l 



(a(<)) 



[\Vu ,c(x)\ q + \ui,c(*)\ q ] <Ce. 



< Ce. 



Since X(t) — * oo as t — * 1, by Lemma 14.141 and e > is arbitrary, uo,c = 
for |a;| > 1, ui,c = for \x\ > 1. Scaling gives us the corresponding result for 
uc(x,t), d t uc(x,t), < t < 1. □ 



5 Rigidity Theorem, Part 1 

In the next two sections we conclude the proof of Theorem 14.11 by establishing 
the following "rigidity theorem" for solutions of (|4.ip . 

Theorem 5.1. Let u be a solution of f^. u radial, 5 < p < oo. Assume that u 
has initial data (uq,ui) G H Sp x H 8 " . Assume also that there exists X(t) > 0, 
t E (0,T + ((uq,ui))), continuous, such that \\u\\ s ([ t + (O mi)))) = an ^ 

K = {*■■*> - (w« Gi4^ a " (wr'))} (M > 

/ias compact closure in H Sp x H Sp_1 and X(t) > Aq > 0, /or all < t < 
T+((uo,ui)). Then, no such u exists. 

Note that in light of Proposition 14.71 Remark 14.121 Lemma 14.131 Theorem 
15. II implies Theorem 14. II 

In order to establish Theorem l5.ll we need some well-known identities. See [30] . 
2.3, for their proofs and Struwe's paper [33] for the original work in which they 
were introduced. 
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Lemma 5.2. Let u be a solution of 4> £ C^°(R 3 ), radial, <fi = 1 for \x\ < 1, 

supp<£ C 5(0,2). Let <f> R (x) = <p(x/R). Then, for < t < T+((u , ui)), the 
following identities hold: 




- j{V<t>R ■ Vu)(a: • V«) + ^ y*(x • V^)|Vu| 2 . 

Proof. Note that, since s p > 1, by Sobolev embedding, \\7u\,d t u € Lf oc for 
tel. Note also that, by Lemma l3.2( with (3 = s p , r 2 |w| p_1 is bounded for 
t E I, and hence, by the usual Hardy inequality |u| G , for t 6 /. One then 
approximates it by regular solutions, using Remark 12.41 and then establishes i), 
ii), iii) by integration by parts. A passage to the limit yields Lemma 15.21 □ 

We next proceed to establish Theorem 15. II in two special cases: 

- 2+((tiQ, Ml)) < +00, 

- The function X(t) is defined for 

— oo = — T_((uq, iti)) < t < T+((uo,ui)) = +oo, with A(i) > Aq > 0. 

We will then see, in section 6, that, by a general argument, Theorem 15 . 1 1 follows 
from these special cases. 

Proposition 5.3. There is no u as in Theorem \5.1[ with T + ({uq,ui)) < +oo. 

Proof. The proof is in the spirit of the one of Case 1 in the proof of Proposition 
5.3 in [IB] . We can assume (by scaling) that T + ((uo,ui)) — 1. By Lemma T4. 141 
and Lemma 14.151 we have 

C 

A(i) > - — -, and supp u, d t u C B(0, 1 - t), < t < 1. 
By compactness 

sup ||(u(*),dtw(*))||H^ x iW-i <A 

0<t<l 

by Lemma I5~2l ). 



2G 



is finite and constant in t, for < t < 1. But then, 

5/iv».i 2 +i/«; + ^/i».r' 

<c/ |v»| 2 + |»u(t)| 2 + M2£ 

>/|x|<(l-t) Fl 

<c/ {\Vu\ 2 + \d t u(t)\ 2 } 

J\x\<{l-t) 

by Hardy's inequality. But Vu, <9 t it S fF"- 1 C L q , | = | - | f | - , with 
uniformly bounded norm in i. Since g > 2, an application of Holder's inequality 
shows (letting t — > 1) that E(uq,ui) — and (uo,ui) = (0,0), contradicting 

r + ((uo,ui)) = i. □ 

Proposition 5.4. Assume that u is a radial solution of such that 
T-{{uo,U\)) = +oo. T + {{uf),ui)) = +oo and there exists \(t) > Aq > 0, for 
— oo < t < oo so that 

1 / x \ 1 n / a; 



/ias compact closure in H Sp x H Sp_1 . 77ien it = 0. 

Proof. In light of our main result, Theorem 13. 1[ if we define 



z(t) — J udtu + J xVud t u, 

clearly, z(t) is well defined and \z(t)\ < C. Note that, in light of Corollary 13.71 
and ii), hi) in Lemma l5.2i we have 



Note that < 1, that J {d t u) 2 + f |Vu| 2 + J \u\ p+1 < oo for each t, because 
of Corollary 13. 71 and that Lemma [ST2J) implies that 



E(u(t),d t u(t)) = E((uo,ui)) 
If then E{{u , ui)) = f / |Vii | 2 + f / u\ + ^ J Kl p+1 + 0, we have 

z'(t) < -CE((u ,ui)). 

But then, 

z(0) - z{t) = - z'{s) ds > tCE({uQ,Ui)), 



a contradiction for t > 0, large, since \z(t) — z(0)\ < 2C. This establishes 
Proposition 15.41 □ 
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6 Rigidity Theorem, Part 2 



In this section we will conclude the proof of Theorem l5.11 Some of the arguments 
here are inspired by [24, 25J. The argument is general and proceeds in a number 
of steps. 

Lemma 6.1. Let u be as in Theorem 15. 11 with T+((uo,ui)) = +oo, X(t) con- 
tinuous, A(t) > Aq > 0. Define 

which is contained in K. Let {t n }%Li be any sequence, with t n — ► +oo. Af- 
ter passing to a subsequence, u(x,t n ) ► (i>o,i>i) € H Sp x H sp . Let v be 

n — >oc 

the corresponding solution to |^._?[ ) ; with data (vo,Vi). Then, T+((vq, Vi)) — 
T—((vq,vi)) = +oo and there exists A(t) > so that 

v(x, t) = | — a v I ~ 1 T 1 7 Trd T v [ -J?—,t I | G K. 

Proof. Note first that (0, 0) ^ K, because of Theorem 12.111 and the fact that 
\\u\\ s qo +c»)) = +°°- Note also that, for each r 6 R, t n + r/A(£„) > 0, 
for n large, since t n X(t n ) > Aot n — > +oo. We will first show that for r 6 
(— T_((wo, T+((i>o, «i))), we can find A(r) > so that v(t) £ K. Indeed 
by uniqueness in (|4. 1 [) and Remark \2. 121 we have that, for r e (— T_((uo, Vi)), 
T + ((u 0l «x))), 



1 / a; t \ 1 



^A(t n f U VA(t„)'" n ' X(t„)J' A(t n ) a+1 ""VA(tn)'"" ' A(t n ), 

-> (u(x,t),<9 t v(ie,t)) 

in H> x H s p _1 . Also, since t n + r/X(t n ) > for n large 



' tn + 77T7 ' 77 — TTfT^" \7TT » *« + 



a; r 



1 / cc r 

, tn + 



\X(t n +T/X(t n )) a yXitn+T/Xitn))' " A(t n 

1 ~ / X T 

X(t n + r/X(t n )) a+1 tU \X(t n +r/X(t n )y " + A(i„), 

-» (ioo(t),ibi(t)) el, 
after taking a further subsequence. But then, it is easy to see that 
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X(t n ) \ ( xX(t n 



X{t n +T/X(tn))J \X(t n +T/X(t n )) 



1 ' I 7 



X(t n ) \ a+1 „ / xX(t n ) 



X(t n +T/X{t n ))J KXitn+T/Xitn))' 

-> (w (t),wi(t)) e K. 

Hence, since (wo(t),wi(t)) £ K, so that (wq(t),Wi(t)) ^ (0,0), we have, 
for some M(r) positive 

1 < A( * n) < M(t). (6.1) 



M(r) " X{t n + t / X(t n )) 

(See page 671 of [TB] for a similar argument). Taking a subsequence, we can 
assume that 

i _ lim X(t n ) 



X(t) n ^°° Ktn + T I 'X(t n )\ 

and hence 

II fx \ 1 „ / x 



tV ,T 



\X(r) \X(r) J A(rf^ \X(r) 
Finally, by Proposition 15.31 Remark I4.12[ Lemma 14.141 and Lemma I4.15[ 
T + ((u ,ui)) = +oo, T_((uo,Ui)) = +oo. □ 

Remark 6.2. The proof of (16. 1|) above also shows that if r„ — > tq, then 



' < 771 Htn ln ^ < M ( T o): (6-2) 



M(t ) " A(tn + T„/A(tn)) 

after taking a subsequence. This is because if we let 



nil: 



(wo,n,fi.n) ~~ * ( w o,^i) m H Sj3 x H s * _1 . If w„ is the corresponding solution to 
(|4.ip . since t„ + r n /X(t n ) > for n large, because of the continuity of the 
solution map given in Theorem 12. Ill 

(v n (x,T n ),d T v n (x,T n )) -> (u(iE,To) ) 5 T 'w(a;,To)) in H Sp x H Sp_1 

and 

(w„(a;,r„),9 r w n (x,T n )) 

' n ) ' T77TSTT ( T7TT' " 



A(i„) a U(*n)' " A(t n )y A (t„) a+1 1 VA(tn)' " A(t n ), 
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Also 



1 



\{t n + T n /\{t n )) a VA(t„+WA(t„))' " A(t n )y 
1 



A(t„ + r n /A(t„)) 
A 



' 1 tfl 



\{t n +T n /\{t n )Y \{t n ) 

xX(t n ) 



X(t n + r/A(i„)) 
A(t„) 



A(t„ + r/A(i„)) 



A(t„+r/A(t„)) : 
zA(i n ) 



k A(t n +r/A(*„))' 

-> (wo(to), wi(r )) G if, 

so that (u>o(to), wi(tq)) 7^ (0,0). It is then easy to see that 



\(t r , 



\{t n +T/\(t n )) 



xX{t n ) 



A(t„ 



X(tn + T/\{t n )) 
a+1 



xX(t Ti 



X(t n +T/X(t n )) 



which, since (w (t ), u>i(t )) ^ (0,0), gives (|6.2 



X{t n +T/X(t n )) 



,r 



(wo(t ),m;i (t )), 



Lemma 6.3. Lei it, A be as in Theorem \5.1l T+((uo,«i)) = +00, A(i) > Aq > 
0. Then, 

lim A(i) = +00. (6.3) 

t^ + oo 

Proof. If not, there exists {t n }^Li, t n j +00 and Ao < Ao < +00, so that 
A(i n ) — > Ao. Apply now Lemma 16. 1[ so that, after passing to a subsequence 
u(x,t n ) — > (vo,vi) G H Sp x H Sp_1 , v is defined on K. and 



u(x, t) 



A T ) \ A ( r ) / A(r) 



A(r) 



G if. 



Moreover, by the proof of Lemma 16. li for each r, (after passing to a subse- 
quence) , 



= lim 



A(tn) 



< 



An 



A(t) A(<„ + r/A(t„)) A) ' 



or A(t) > > 0. This, however, contradicts Proposition 15.41 since v G if , so 



that u^0. 



□ 



30 



Lemma 6.4. Let u, X be as in Theorem I5.il (X continuous, X(t) > Aq > 0), 
T + ((mo,ui)) = +00. Then, there exists Mq > so that 

for all t' > t, X(t') > —X{t), t > 0. (6.4) 
M 

Proof. If not, we can find t' n > t„ > 0, so that jpfj — > +00. Since A > Aq, X 
is continuous, t n — > +00. Because of (|6.3[) , one can assume, possibly taking a 
subsequence and changing that A(i^) = min t > tji X(t). Consider (vq,vi) as in 
Lemma RTT1 so that 

v is defined for ret, v(t) £ K and (for a subsequence) 

1 - km A ^ 



A( T ) ™A«+r/A«)) 

We now claim that (t£, — t„)A(iJJ — > +00. If not, — r„ = (t' n — t n )X(t' n ) — > — t 
(after taking a further subsequence) and hence, from Remark 16. 21 

1 < A(Q = A(Q ^ 



M(r ) - A(tf n + T n /A(tf n )) A(*n) 

a contradiction. But then, for t £ M., n large, we have that t' n + T/X(t' n ) > t n , 
so that 

A(0 < A(Q < 1 



A(f n + r/A(0) " A(t'J 



and hence A(r) > 1. But then, Proposition 15.41 shows that v = 0, but u 6 A', a 
contradiction. □ 

Remark 6.5. Let w, A be as in Theorem l5.ll Define \i(t) = min tl > t A(ti). Then, 
because of Lemma 16.41 

the set 

also has compact closure in H Sp x H Sp_1 . Moreover, since by Lemma l6.3l lirm^^~. 
A(t) = +00 and A is continous, it is easy to see that Ai is continuous and 
limt^oo Xi(t) = +00. Moreover Ai is non-decreasing. Choose now t n f +00 so 
that Ai(<„) = 2™. 
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Lemma 6.6. Let {t n } be defined as in Remark \6.5l Then, there exists C'o > 
so that 

(tn+l -t n )Xl(t n ) < Co- (6.5) 

Proof. If not, for some subsequence {ni]°^ l7 we have (t ni +i— t ni )\i{t ni ) — > +oo. 
But then, by monotonicity of Ai, we have that 

(t nt +i - t ni )\i y "' +1 2 + — ^ — * +°°- (6-6) 

Note also that by our choice of t n and monotonicity of Ai, for all t £ [t n , t n +i] 
we have 

i < / M l \ < 2- (6.7) 
Ai 



Consider now 

1 / X Uh+1 + tr ij 



-> (u ,fi) € A. 

(Note that (0,0) ^ A' because ( oo) = +°° anc ^ Theorem 12. lip . Apply 

now Lemma 16. II Then v(t) is defined in R, w(r) is in A and 



— = lim — 

Ai(t) 

Ai 



A, 



(after taking a subsequence in i). But, (|6.6p gives us that, for a fixed r, for i 
large we have 

t ni -y\ -\- t ni T 

t ji . \ "I - T 7— *C t<n . I 1 . 

M 



Thus, in light of (|6.7p . ^ < - * < 2, which by Proposition 15.41 gives {vo,vi) = 
(0,0), which contradicts £ A. Thus, follows. □ 



The proof of Theorem 15.11 now follows immediately: because of (|6.5p and the 
definition of t„, (i„ + i — t n ) < Co2~", and t n f +oo. But this is a contradiction, 
since i n < 2 Co, summing the geometric series. 
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